Abstract. In this paper we derive an integral formula on an (n + 3)-dimensional, compact, minimal contact three CR-submanifold M of (p − 1) contact three CR-dimension immersed in a unit (4m+3)-sphere S 4m+3 . Using this integral formula, we give a sufficient condition concerning the scalar curvature of M in order that such a submanifold M is to be a generalized Clifford torus.
Introduction
Let S 4m+3 be a (4m + 3)-dimensional unit sphere, that is,
where Q m+1 is the real 4(m + 1)-dimensional quaternionic number space. For any point q ∈ S 4m+3 , we put
where {J, K, L} denotes the canonical quaternionic Kähler structure of Q m+1 . Then {ξ, η, ζ} becomes a Sasakian three structure, that is, ξ, η and ζ are mutually orthogonal unit Killing vector fields which satisfy for any vector fields X, Y tangent to S 4m+3 (cf. [4, 5, 6, 7, 8] ). Let M be an (n+3)-dimensional submanifold tangent to the structure vectors ξ, η and ζ of S 4m+3 . If there exists a subbundle ν of the normal bundle T M ⊥ such that
at any point x ∈ M , where T M denotes the tangent bundle of M and ν ⊥ is the complementary orthogonal subbundle to ν in T M ⊥ , then the submanifold is called a contact three CR-submanifold of S 4m+3 and the dimension of ν contact three CR-dimension. In particular we can easily see that real hypersurfaces tangent to ξ, η and ζ of S 4m+3 are typical examples of such submanifolds. In this paper we shall study (n + 3)-dimensional contact three CR-submanifolds with (p − 1) contact three CR-dimension of S 4m+3 , where p is 4m − n the codimension. In this case the maximal {ϕ, ψ, θ}-invariant subspace
to D x in T x M has constant dimension 6 at any point x ∈ M (cf. See §2 and [7] ).
Moreover we shall investigate some geometric characterizations of
as a contact three CR-submanifold of S 4m+3 .
Preliminaries
Let M be an (n + 3)-dimensional contact three CR-submanifold with (p − 1) contact three CR-dimension of S 4m+3 . Then we may set ν ⊥ = Span{N } for a unit normal vector field N to M since dim ν x = p − 1 at every x ∈ M . From now on we put
Then it follows from (1.3)-(1.6) and (1.8) that U , V , W are mutually orthogonal unit tangent vector fields to M and satisfy
Hence for any tangent vector field X and for a local orthonormal basis {N α } α=1,...,p (N 1 := N ) of normal vectors to M , we have the following decomposition in tangential and normal components:
where {F, G, H} define skew-symmetric linear endomorphisms acting on T x M and {u, v, w} are local 1-forms on M . Since the structure vector fields {ξ, η, ζ} are tangent to M , it follows from (1.3), (1.5), (2.1) and (2.4) that (2.6)
Next, applying ϕ to both side of (2.4) (i) and using (1.4), (1.6), (2.1) and (2.4) (i) , we have (2.9)
Similarly, from (2.4) (ii) and (2.4) (iii) it follows that (2.10)
Also applying ψ and θ to both side of (2.4) (i) , respectively, and using (1.4)-(1.6), (2.1) and (2.4), we get (2.12)
Similarly, it follows from (2.4) (ii) and (2.4) (iii) that (2.14)
Fundamental equations for the contact three CR-submanifold
Let M be as in §2. Then, by means of (1.4), (1.6) and (2.5), we can take a local orthonormal basis {N, N a , N Let ∇ and ∇ ⊥ denote the covariant differentiation in M and the normal connection induced from∇ on the normal bundle T M ⊥ , respectively. Then Gauss and Weingarten formulae are given by 
On the other hand, since the ambient manifold S 4m+3 is a space form of the constant curvature 1, its curvature tensorR satisfies
Hence, by means of the equation of Gauss, we can easily see that the Ricci tensor Ric(Y, Z) turns out to be
and consequently the scalar curvature ρ is given by
Moreover, by means of the equation of Codazzi, we also have
Now differentiating (2.4) (i) covariantly and using (1.7), (3.2), (3.3) (i) and (3.4), we have
Similarly, from (2.4) (ii) and (2.4) (iii) , we also obtain
Differentiating (2.1) covariantly and using (1.7), (2.4), (3.2), (3.3) (i) and (3.4), we have
Moreover, it is clear from (1.2), (3.2) and (3.4) that
(3.14)
On the other hand, since the structure vector fields {ξ, η, ζ} are tangent to M , it follows from (3.1) and (3.3) (iii) that
Applying ϕ to (3.15) and using (1.4), (1.6), (2.1), (2.4) (i) , (3.1) and (3.14), we get
which together with (3.3) (ii) implies
Applying ψ and θ to (3.15), respectively and using (1.4), (1.6), (2.1), (2.4) (ii) , (2.4) (iii) , (3.1) and (3.14), we also havē
thus comparing the above two equations with (3.3) (iv) and (3.3) (v) , we obtain
Similarly, from (3.3) (iv) it follows that
Hence we have
Also, by means of (3.3) (v) we have
Thus we have
Finally, applying ϕ, ψ and θ to (3.3) (ii) , respectively and using (1.4), (1.6), (1.7), (2.1), (2.4) and (3.1), we havē
thus comparing the above three equations with (3.3) (iii) , (3.3) (iv) and (3.3) (v) , we obtain
Summing up, we have: F + F A a ) 
It is also clear from (3.14) and (3.17) that
On the other hand, we can take an orthonormal basis 
from which together with (2.7), (3.18), (3.20) and (3.21),
But (3.17) (i) , (3.17) (iii) and (3.17) (iv) yield
which together with the above equation and (3.26) gives
Replacing X by F e i , Ge i and He i in (3.17) (iii) , respectively, we have
from which together with (2.7), (3.18), (3.19) and (3.21),
Thus (3.25), (3.26) and (3.27) give
Finally, replacing X by F e i , Ge i and He i in (3.17) (iv) , respectively, we have
from which together with (2.7), (3.18), (3.19) , and (3.20),
Hence (3.25), (3.26) and (3.27) imply
An integral formula on the compact contact three CR-submanifold
Let M be as in §2 and put
and take the same orthonormal basis {e i } i=1,...,4l+6 (l = (n − 3)/4) of tangent vectors to M as given in (3.23) and (3.24) , where
Since F is skew-symmetric and A is symmetric, (3.11) implies
We note that T is a global function on M . Now, for later use we shall compute
. First of all, differentiating both side of (4.1) covariantly and using (3.8)-(3.11), we have
that is,
which and (3.13) give
Thus, from (2.6), (2.7) and (2.9)-(2.17), we have
which together with (3.7), (3.22) and (3.25)-(3.29) implies
On the other hand, using (2.9)-(2.17) and (3.13), we can easily verify that
which and (4.3) yield divT = 3{ρ − (n + 1)(n + 3)} + trA{u(AU ) 
The proof of main theorem
For the submanifold M given in Lemma 4.1, it is clear from (4.6) that its first normal space is contained in Span{N } which is invariant under parallel translation with respect to the normal connection ∇ ⊥ with the aid of (3.3) (i) and (3.17). Thus we may apply Erbacher's reduction theorem ( [3] ) and this yields that there is an (n+4)-dimensional totally geodesic unit sphere S n+4 such that M ⊂ S n+4 . Here we note that n + 4 = dim S n+4 is of the type 4(l + 1) + 3. Moreover, since the tangent space T x S n+4 of the totally geodesic submanifold 
Comparing those equations with (2.4), we have 
